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Abstract: In this paper common fixed point theorem has been proved for two multi-valued mappings satisfying a
rational inequality in complex valued metric space. Also we extend and strengthened the results given in [5,11].
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1. INTRODUCTION

The concept of Multi valued contraction mapping was initiated by Nadler[1] and Markin[2]. Results for stability of fixed
points for multi valued mappings have been discussed in many authors[3-10]. This paper deals with some common fixed
point theorems which are established for multi valued mapping in complex valued metric space with rational inequality in
complex valued metric space. Azam et al.(numer.Funct.anal.Optim.33(5):590-600,2012) introduced the notion of
complex valued metric space and proved some common fixed point theorems in the context of complex valued metric
space, we will use rational inequality for two muti-valued mapping.

Let us recall a natural relation on C, for z;,2,€ C, define a partial order < on C as follows;
2,37, iff Re(z1) <Re(z,), Im(zy) <Im(zy)

it follows that

2,37

if one of the following conditions is satisfied:

a) Re(z1)=Re(zz), Im(z1)=1m(z,)

b) Re(zy)<Re(z,), Im(zy)=Im(z,)

c) Re(zy)=Re(z,), Im(zy)<Im(z,)

d) Re(zy)<Re(zy), Im(z;)<Im(z,)

In particular, we will write z;57, if z;#z, and one of a),b),c),d) is not satisfied and we will write z;<z, if only (d) is
satisfied. Note that

0= 2;572,=(24|<(z2],

2,37y | 21<Zp=> 7;<Z3

Definition 1.2let X be a nonempty set. A mapping d:X xX— Csatisfies the following conditions
(CM1) 0 = d(x,y) for all x,ye X and d(x,y)=0=x=y.

(CM2) d(x,y)=d(y,x) for all x,ye X
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(CM3) d(x,y) =d(x,2)+d(z,y) for all x,y,z€ X.
Then d is called a complex valued metric on X and(X,d) is called a complex valued metric space.

It is obvious that this concept is generalization of the classic metric. In fact, if d:X x X— R satisfies( (CM1)-(CM3)), then
this d is a metric in the classical sense, that is, the following conditions are satisfies:

(M1) 0 < d(x,y) for all x,ye X and d(x,y)=0<x=y.
(M2) d(x,y)=d(y,x) for all x,ye X
(M3) d(x,y) <d(x,z)+d(z,y) for all x,y,z€ X.

There are so many more different and interesting type of metric spaces and classical theories of metric space for example
see[3,4].

Example 1.3.Let X= C. Define the mapping d : X x X— C by
d(z1,2,) =e%|z,-2,|, for all z;,2,€X.

Then (X,d) is a complex valued metric space.

Definitions 1.4.Let C be a complex valued metric space,

o We say that a sequence {x,} is said to be a Cauchy sequence be a sequence in x €X If for every ¢ € C, with 0<e there
is no€ Nsuch that for all n>n,such thatd(x,,x)<e.

o We say that a sequence {x,} converges to an element xIf for every xe C, with 0<e there exist an integer ny€ Nsuch that
for all n>ngsuch that d(x,,x)<e and we write X, =X

o We say that (x,d) is complete if every Cauchy sequence in X converges to a point in X.

1.1 Main Result:

Let (X,d) be a complex valued metric space.

Let family of non-empty, closed and bounded subsets of a complex valued metric space is denoted by CB(X).

we denote s(z;)={z,€ C: z;3 z,} for ;€ C, and s(a,b)=Upeps(d(a, b)) = Upep{z € C: d(a,b) < z}fora € Xand B €

CB(X).

For A,Be CB(X),we denote

s(ab)=(Ugea s(a, B) N (Upep s(b, 4).

Common fixed result discussed by khan [3] can be obtained in the setting of complex valued metric space.

Theorem 2.1 let (X,d) be a complete complex valued metric space and let S,T:X—CB(X) be multi valued mapping with
greatest lower bound property such that,

[d(x, Sx)d(x, Ty) + d(y, Ty)d(y,Sx)] _[d(x, Tx)d(y, Sy) + d(x, Ty)d(y, Tx)]

d(x, Ty) + d(y, Sx) d(y,Sy) + d(Ty, Sy)
[d(x,Sx)d(y, Sy) + d(Sx, Tx)d(Sy, Tx)]

d(Sx, Ty) + d(y, Tx)

€ s(Sx, Ty)

vx,y € Xand 0 < a+ B+ 7y < 1. Then Sand T have common fixed point.
Proof Let xo€ X and X;€ SXg, TXo. from(1.1), we have

[d(xo, Sxo)d(xg, Txx1) + d(xq, Ty )d (x4, Sxo)] + [d(x, Txg)d(x, Sx1) + d(xg, Txg)d(xq, Txo)]
d(xg, Txy) + d(xq, Sxg) d(xy,Sx;) + d(Txy, Sx;)
[d(xg, Sxo)d(xy, Sxq) + d(Sxg, Txg)d(Sxy, Txg)]
d(Sxg, Txy) + d(xq, Txg)

€ s(Sxg, Tx;)
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[d(xo, Sx)d(xg, Tx1) + d(xy, Toxy )d (x, Sx)] + [d(xo, Txxg)d(xg, Sx1) + d(xg, Txp)d (1, Txo)]
d(xg, Tx;) + d(xy, Sxg) d(xy,Sx1) + d(Txq, Sxq)
[d(xg, Sxo)d (1, Sxq) + d(Sxg, Tx)d(Sxy, Txg)]
€ ﬂ s(x,Txy)
d(Sxg, Tx1) + d(xy, Txg)

XESXg
i.e
[d(x0,5%0)d(x0,Tx1)+d(x1,Tx1)d (X1,5%0)]

d(x0,Tx1)+d(x1,S%Xg)
s(x, Tx,)V X € Sxq

[d(x0,Tx0)d(x0,5x1)+d(x0,TX)d (x1,TX0)] + [d(x0,5%0)d(x1,5%1)+d(Sx0,Tx0)d(Sx1,TX0)]
d(x1,5%1)+d(Tx1,5%1) d(Sxo,Tx1)+d(x1,Txg)

+B

since X;=SXg,50 we have

[d(xo, Sx¢)d(Xo, Tx1) + d(xy, Tx1)d(X4, SXo)] + [d(xo, Txo)d(xo, Sx1) + d(Xo, Txo)d (x4, Tx()]
d(xg, Tx;) + d(x4, Sxg) d(x4, Sx;) + d(Tx4, Sx4)
[d(xg, Sx¢)d (x4, Sx;) + d(Sxq, Tx)d(Sx4, Tx()]
d(Sxg, Txq) + d(x4, TXq)

[d(x9,Tx0)d(x0,Sx1)+d(x0,TXg)d(x1,TX0)] + [d(xq,Sx0)d(x1,5%x1)+d(Sxq,Tx0)d(Sx1,Tx0)]
d(x1,5x1)+d(Tx¢,Sx1) Y d(Sxg,Tx1)+d(x1,TXq)

€ s(xq, Txq)

[d(%0,5%0)d (X0, Tx1)+d(x1,Tx1)d(X1,5%0)]
d(xg,Tx1)+d(x1,5%0)

s(xq, Txl):UxETxl s(d(xq,x))
there exist X,€ Sx;, Tx; such that,
[d(xo, SX)d(Xo, Tx1) + d(xq, Tx1)d (X4, SXo)] + [d(xq, Tx0)d(Xo, Sx1) + d(Xg, TXo)d(x1, TXo)]
d(xg, Tx1) + d(x4, Sxg) d(x4,Sx;) + d(Txq, Sx4)

[d(x¢, Sx¢)d (x4, SX1) + d(Sx, TX()d(Sxy, TXo)]
€ s(d(xy,%2))
d(Sxg, Txq) + d(x4, TXg)

+B

[d(x0,X1)d(Xg, X2) + d(x1,X2)d (X1, X)] [d(x0, x1)d (X1, X7) + d (x4, X1)d (X2, %)]
d(xg,%2) + d(x4, %) d(xq,%z) + d(x2,%3)
[d(x, x1)d(x1, X5) + d(xq,%1)d(X5,%X1)]
d(xq,%2) + d(x1,X1)

d(xq,x,) < «

By using the greatest lower bound property of s and T, we have

[d(Xo'X1)d(Xo,X2)]+ [d(Xo,Xl)d(Xsz)]_l_ [d(x0,x1)d(x1,%5)]

d(Xl' XZ) S« d(xo’ XZ) d(Xl, Xz) Y d(Xl!XZ)
[1d(xo, x)11d(xo,x)[] | [1d(xo, x)I1d (e, x)1] | [1dCxo, x,)[1d(xy, %,)]]
N TTeE) e R D]

d(x1,%2)) < afd(xg, x1)| + Bld(xg, X1)| + y|d (X0, x1)|
d(x1,%5) < (o0 + B+ y)|d(Xg,x1)|
Similarly,
d(x2,%3) < (a+ B+ v)|d(xq,%5)]
< (a+ B +v)?[d(xo,%1)]
d(x3,%4) < (a+B+y)'d(xz x3)|
< (a4 B+V)?d(xq,%,)]
< (a4 B +v)°|d(xo,x1)]
Repeatedly we can construct a sequence {x,} in x such that n=0,1,2,3...,

|d(Xnme)| < |d(Xnan+1)| +|d(Xn+1an+2)|+--~+|d(xm-1yxm)|
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< (a+ B +y)"d(xo x|
With 0 < (a+ B+ V) <1, Xpp4q € SXppand Xppyp € TXpniq
For m.n,we have
|d(Xn,Xm)| < [d(Xn,Xns2)] +1d(Xns1.Xns2) - . 1A (X1, Xim)]
<[+ B+ + (@+B+V" 4+ (a+ B +y)™ ] [d(x0,x,)]
And so

(a+B+N)"
A0 )] < (T 1o %))

And so

(a+B+Y™
[d(Xn,Xm)| < (%) [d(xg,%1)| = 0as m,n — oo

And hence we have a Cauchy sequence {x,} in X, also X is complete and hence the convergent point will be in X
ie.3veEX 3%~ vasn — . we now show that veé Tvand v € Sv.from (1.1)

[d(xZn' SxZn)d(xan TV) + d(V: TV)d(V, SxZn)] + [d(x2n1 Tx2n)d(V: SV) + d(x2n' TV)d(V, Tx2n)]
d(x5q,, TV) + d(v, Sxpp,) B d(v,Sv) + d(Tv, Sv)
[d(xan SxZn)d(Vr SV) + d(SXZnJ Tx2n)d(sx2nt TxZn)]
d(Sx3,, TV) + d(v, Txy,)

[d(xZn' SxZn)d(xan TV) + d(V: TV)d(V, SxZn)] [d(x2n1 Tx2n)d(V: SV) + d(x2n' TV)d(V, Tx2n)]
dCtzn, TV) + A(V, Sx) P a(v, 5v) + d(Tv, Sv)

€ s(Sx,,, Tv)

[d(x2n' Sx2n)d(v' SV) + d(SXZnt TxZn)d(SXZnt TxZn)]
+vy € s(x,Tv)
d(Sxyp, Tv) + d(v, Txy,)

SESXon
also,
[d(x2nl SxZn)d(XZn! TV) + d(V, TV)d(V, Sx2n)] + B [d(xZnt TxZn)d(Vl SV) + d(xZn! TV)d(V, TxZn)]
d(x2,, TV) + d(v, Sx3y,) d(v,Sv) + d(Tv, Sv)
d(x5,, Sx,,,)d(v, Sv d(Sx,,, Tx,,,)d(Sx,,, Tx
y[ (X200, Sx21) d((sxmi ;,)(_}_ ;ZV’ T;:j) (Sxan, Txzp)] € s(x,TV) V x € Sxy,
since,

Xon+1 € SX5y, SO We have

[d(x2n,Sx21)d (X2, TV)+d(v,TV)d(V,Sx27)] + B[d(xZn,TxZn)d(v,Sv)+d(252n,Tv)d(v,Txm)] +

d(x27, TV)+d(v,Sx27) d(v,Sv)+d(Tv,Sv)
y [d(x21,Sx21)d(v,SV)+d(Sx20, Tx27)d(Sx27,Tx27)

|
d(Sx2n, TV)+d(v,Tx2n) € s(Xon+1,1y)

by definition

[d(x21,8%21)d (X2, TV)+d (v, TV)d(V,Sx27)] d(x2n, Tx2n)d(V,SV)+d (X250, TV)A(V,Tx27)]

+pl +

d(x27, TV)+d(v,Sx27) d(v,Sv)+d(Tv,Sv)
[d(x2n,Sx21)d(v,SV)+d(Sx20, TX20) d(Sx2n, Tx2n)] ’
Y d(Sxan, TV)+d(v,Tx2m) € S(X2n+1,Tv)=(nulETu S(d (x2n+1,u ))

there exist some v, € Tv such that

[d(x21,8%21)d (X2, TV)+d (v, TV)d(V,Sx27)] d(x2n,Tx2n)d(V,SV)+d (X250, TV)A (v, Tx25)]

+pL

d(xzn, TV)+d(v,Sx2n) d(v,Sv)+d(Tv,Sv)
[d(x2n,Sx21)d(v,SV)+d(Sx20, TX20) d(Sx2n, Tx2n)]
€ s(d(x v,
Y d(Sx2n,TV)+d(v,Tx27) ( ( 2n+1, n)
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d(X2n+1, Vi) <
[d(x21,8%21)d (X2, TV)+d (v, TV)d(V,Sx27)] B [d(x21, Tx2)d(V,SV)+d (X210, TV)d(V, TX2p)]
d(x27, TV)+d(v,Sx27) d(v,Sv)+d(Tv,Sv)
[d(x2n,Sx21)d(v,SV)+d(SX20, TX20) d(Sx2n, Tx2n)]
d(Sx2n, TV)+d(v,Tx27)

+

by using the greatest lower bound property of S and T, we have

d(X2ne1, Vi) <
o [d(r2nX2n+1)d(X2n,vn)+d(V,vn)d(V.X2n+1)] +B [d(x2n,Tx2n)d(V,SV) +d(x2n,vn)d(v,Txzn)]
d(xan,vn)+d(V,X2n41) d(v,Sv)+d(vy,,Sv)
[d(x2nx2n)d(V,SV)+d(x2n+1,Tx20n)d(SV,Tx2p)]
d(x2n+1,TV)+d(v,Tx25)

since
d(v,vo)< d(V, X2541) + d(Xzn41, V)

d(v,vy)

<

~

[d(x20,Tx21)d(V,SV)+d(X21,01)d (v, TX27)]
d(v,Sv)+d(vy,Sv)

[d(x2n%2n+1)d(x2n,vn) +d(v,vn)d(V,X2n+1)]
d(v, x +a +
(v, Xzn 1) d(2nvn)+d(vV.X2n41) B

[d(x27,%27)d(V,SV)+d(X2741,Tx21)d(SV, Tx27)]
d(x2n+1,TV)+d(v,Tx2p)

+

ld(v.vo)l < [d(V, X2n44)]

[1dCezn, X2n s D11dGon, vo) | + [d(V, v)1A(V, X2n41) ] n B[|d(x2n,Tx2n)||d(V, SV)| + |d(xzp, v) [1d(V, Txzp)|]
|d(xzn, V)| + 1d(V, X2n44) | |d(v, Sv)| + |d(vy, Sv)|
[1dCxzp, X251 1AV, SV)| + [d(Xzn 41, Tx2,) [ [A(SV, Txzp) ]
|[d(Xzn4+1, TV)| + [d(v, Txz,)|

By letting n— oo in above inequality, |d(v,v,)] = 0. By the definition of convergence we have v, - vasn—
co.since Tv is closed, so v € Tv. similarly, it follows that v € Sv. thus s and T have a common fixed point.

Corollary 2.1:
The above theorem can also be generalized as,

Let (X,d) be a complete complex valued metric space and let S,T:X—CB(X) be multi valued mapping with greatest lower
bound property such that,

[d(x, Sx)d(x, Ty) + d(y, Ty)d(y,Sx)] | _[d(x, Tx)d(y, Sy) + d(x, Ty)d(y, Tx)]
d(x, Ty) + d(y, Sx) d(y, Sy) + d(Ty, Sy)
[d(x, Sx)d(y, Sy) + d(Sx, Ty)d(Sy, Tx)] N [d(x, Tx)d(x, Sy) + d(Sy, Ty)d(Tx, Sy)]
d(Sx, Ty) + d(y, Tx) d(x, Ty) + d(Sx, Tx)
[d(x,y)d(Sx, Sy) + d(Ty, Sy)d(y, SX)]
d(Tx, Sy) + d(y, Sx)

€ s(Sx, Ty)
0<a+pB+y+d5+e<1.ThenSand T have a common fixed point.
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